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Fig.3 Closed-loop responses for two “distinctly different” optimal so-
lutions for case 2.

0.33L, 0.33L and 0.66L, and 0.66L and 1.0L, respectively. The
coding used for this study is shown below:

10 bits each 10 bits each
1011100010... 1000010111...
Position gains Velocity gains

10 bits each 10 bits each
0001111011... 1101111011...

Actuator locations Sensor locations
Results

The technique outlined above was used to solve the two optimiza-
tion cases presented earlier. Reference 9 includes detailed presen-
tation of the numerical results obtained for the two cases. Figure 2
presents plots of the final population solution for cases 1 and 2. In
Fig. 2, the x axis represents an actuator location norm defined as
x/L =x/L forcase 1 and x/L = (1/L){x41/0.33 4 x4,/0.66 +
x43/0.99) for case 2. The y axis represents a normalized perfor-
mance measure, with zero indicating the best solution found by the
GA. It is evident from these figures that for the one-actuator, one-
sensor case the local optimum is the global optimum. However, for
the three-actuator, three-sensor case, three distinct optimal points
were found. These optimal points are marked in Fig. 2b. Figure 3
presents closed-loop responses for optimal solutions 1 and 3, as
noted in Fig. 2b. Although the actuator locations differ significantly,
the closed-loop responses are similar.

Conclusions

This Note has proposed two unique ideas in the realm of op-
timization for structural control: 1) simultaneous actuator/sensor
placement and feedback controller gain optimization and 2) finding
more than one “distinctly different” near-optimal solution. To im-
plement these ideas, a genetic algorithm optimization technique was
used. For the multiple optimal solutions, we induced niche formation
in a genetic algorithm using a sharing mechanism. The end result is
the convergence of the genetic algorithm population to multiple lo-
cally near-optimal solutions. The concepts were demonstrated using
a simple clamped-free beam.
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Introduction

COMPLEX issue in the control of large flexible space

structures is that there may exist repeated or closely spaced
modes clumping together in the lower range of the natural frequency
spectrum. In practice, only a few modes can be selected for control
because of the limited capacity of the hardware. One of the criteria
for mode selection is modal controllability and observability. Thus
it is desirable to have a method to evaluate the modal controlla-
bility and observability quantitatively. Reference 1 investigated the
modal controllability and observability for distinct modes. Refer-
ences 2—4 proposed criteria for the controllability and observability
of repeated modes, which are, however, not quantitative. References
5 and 6 addressed the model reduction problem based on the singu-
lar values of the controllability and observability grammians. The
new idea of the present paper is the use of the singular-value de-
composition of the input matrix By in defining controllability. This
approach is also presented for observability on the basis of duality.
It is suitable for both distinct and repeated modes. Using this tech-
nique, modal controllability and observability can be quantitatively
measured by the associated singular values. In the case of repeated
frequency modes, the present method can generate two new groups
of orthogonal principal vectors that span the eigensubspace associ-
ated with the repeated modes. These principal vectors are ordered
in the sequence of their controllability and observability measures.

Background
Consider a linear, time-invariant, second-order control system
Mi + Kx = Bu(t) (1a)
y=Cx(1) (1b)

where M = M7 € R"*", K = KT € R"*", B € R**?,C €
R x(t) € R*, u(t) € R, and y € R'. Matrices B and C are
called the actuator distribution matrix and sensor distribution matrix,
respectively, indicating the locations of control forces and sensors,
respectively. Mass matrix M and stiffness matrix K are assumed to
be positive definite.

Transforming Eq. (1) to the modal coordinates through the coor-
dinate transformation

x(t) = ®n@) 2)
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yields
iit) + An(t) = ®TBu(r) (3a)
= (CP)n(?) (3b)

where @ = [p1, ¢z, ..., ¢a), A = diagw}, of, ...

, @?] are the
eigensolutions of the eigenproblem

Ko = oMo (4a)
oI Mg, =1, i=12,...,N (4b)
Without loss of generality, suppose that w; = wy = -+ = w, =

wy is a repeated frequency with its multiplicity equal to r. In order
to obtain the governing equation corresponding to this repeated fre-
quency in modal coordinates, 75(t) = {701(t), 702(t), - - -, nor (O}7,
we can rewrite Eq. (3) in the partitioned form

I:ﬁo(t):l |:w(2)1r ] I:ﬂo(f) il [4%}
R e oo =1 ... 1 Bu(®) (Sa)
fia(t) Q2 | Lna(® o7

. no()

y=C[® © @] [ ] = C®ono(t) + Canult) (5b)
na(t)

where q>0 = [wlv §02v"'v(pr]v <Dd = [‘pr—{—l, (pr+l’~"9§0n]' Then

the observation equation corresponding to the repeated frequency
modes, denoted as yp, can be expressed as

yo = Cono(?) (5¢)

and the governing equation corresponding to this repeated frequency
in terms of modal coordinates 1o (z) can be rewritten as

fio(t) + @} 1 no(t) = Bou(t) (5d)

where By € R"*?, Cy € R'*", and I, is the r x r identity matrix,
By =®lB (5e)
Co = Cdy (5

Since the matrices By and Cp contain the complete information
about controllability and observability for these repeated modes,
respectively, we can focus on them to investigate the controllability
and observability.

Quantitative Measure for Controllability
and Observability

For the repeated frequency modal system described by Eq. (5), it
is controllable if and only if4~¢

rank(By) =r ©)
and it is observable if and only if*~6
rank(Cp) =1 @)

Although this criterion is true, it only provides a yes-no type
answer. Furthermore it does not demonstrate the composition of this
eigensubspace ¢y in terms of its controllability and observability.

First consider how to measure the controllability of Eq. (5d) and
how to find a new basis vector from this eigenspace (®p) so as to
more clearly reveal the properties of controllability.

Taking the singular-value decomposition of By € R *? yields

By =USVT (8a)

where U € R"*",V e RP*?, UTU =1, VTV =1,

S—EO 8b
=10 o), (8b)

and ¥ = diag[oy, 02, ..., o). Here the nonzero positive numbers
o; are in descending order, oy > 0 > - -+ > g, > 0.
Premultiplying both sides of Eq. (8a) by U” and recalling that
B, = &7 B yield
B =SV )]
where
@ = GU (10)

As can be seen from Eq. (10), &, is also the modal matrix corre-
sponding to this repeated eigenvalue wy, which satisfies the orthog-
onality condition with respect to the mass matrix M,

PIMDy = I, (11)

To illustrate the information givenby ®p ando; (i = 1,2,...,r)
about the controllability of these repeated modes, let us intro-
duce a new group of repeated frequency modal coordinates § =
{&1, &, ..., &}" through the following coordinate transformation:

x(t) = Dok (12)

Incorporation of Eq. (12) into Eq. (1) gives the governing equation
and the observation equation, respectively, in terms of £(¢) as

E(t) + 0 IoE(t) = ®F Bu(t) (13)
Substituting Eq. (9) into the right side of Eq. (13) yields
E() + ojLEW®) = SVTu(t) (14)

Equation (14) may also be written in the following form assuming
that ' (t) = VT u(s):

E(t) + WZLE®) = Su'(1),

Because as VpTx »Voxp = I,, u(t) and u’(¢) can be considered to
be of equivalence in terms of energy required.
As can be seen from Eq. (15), the qualitative and quantitative

characteristics of each repeated frequency modal coordinate &; (i =

W@ =viu@) (15

1,2,...,r) can be shown clearly:
1) The necessary and sufficient condition of the controllability of
all the repeated-frequency modal coordinates §; (i = 1,2, ...,r)is

rank(S) =rorp>randm=r.

2) When 0 < m < r, only a part of the repeated frequency mode
coordinates is controllable, ie., & (i = 1,2,...,m) are control-
lable, leaving the rest, & (m + 1 < i < r), uncontrollable.

3) Since u'(?) is equivalent to u(¢) in terms of energy required,
the controllability of &; can be measured using o;. The greater o; is,
the less energy is required to produce the same control effect on ;.
If 0; is small, it will cost much more energy even to produce only a
little effect on §&;.

The controllability is shown in a clear manner using the
modal matrix £, We shall refer to the modal matrix &, =
[@1, %2, ..., ¢, ] as the controllable principal modal matrix
(C-PMM), §; as the ith controllable principal modal coordinate
(C-PMC), and the associated modal vector ; as the ith controllable
principal modal vector (C-PMV).

On the basis of duality we can find another group of repeated
modal coordinates p = {p1, 02, ..., pr}* under which the observ-
able properties of Eq. (5c) possess the same clear version as well.

Taking the singular-value decomposition of C yields

Co = UpSoV] (16)
where Uy € R'*!, Vo € R, UTUy = 1, VI Vo = I,

c_[Z 0
°~ 10 o

and ¥y = diag(op, 02, ..., O), Oo1 = G2 = -+ = oo > 0.
Taking coordinate transformation of Eq. (1) into coordinate p(f)
through

x(#) = Wop (1) 17
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where

W, = oV, (18)

we can obtain

Yo = CWpp(?) (19)

As can be seen from Eq. (18), ¥ is also the modal matrix asso-
ciated with the repeated frequency w, and satisfies \I/()T MYy = I,
Therefore p(¢) is also the modal coordinate corresponding to wy.

Recalling that Cy = C ®q, Eq. (19) can be rewritten as

Yo = CoVopl(t) (20
Substituting Eq. (16) into Eq. (20) finally yields
Yo = UpSop(t) 2D

Define a quantitative measure for the amplitude of output y, as

o = yg yo 22)
Substituting Eq. (21) into Eq. (22) yields
k

Jo=p®) ST Sop(®) =Y _ a3, p}(0) 23)

i=1

As can be seen in Eq. (23), the qualitative and quantitative char-
acteristics of the observability of each repeated frequency mode

coordinate p;(¢t) (i = 1,2, ..., r) can be shown clearly:
1) The necessary and sufficient condition for the observability of
all the repeated frequency mode coordinates p; (1) (i = 1,2,...,r)

is thatrank(S) =rorl >rand k =r.

2) When 0 < k < r, only the coordinates p; (1) (i = 1,2,...,k)
are observable, leaving the other p; (¢) (k+1 < i < r)unobservable.

3) The observability of p; () (i = 1,2, ..., k) can be measured
using og;. The greater oy; is, the more p; (¢) weighs in Jp. If oy, is
small, p; (¢) will not dominate in Jy even if the magnitude of p; (t)
itself is large.

Due to the simple and clear version of the observability property
under the modal coordinates p(z), we call the modal matrix Wq
Wy = ®yVp = [V, ¥2, ..., ¥, ]) the observable principal modal
matrix (O-PMM), p; the ith observable principal modal coordinate
(O-PMC), and the corresponding modal vector v; the ith observable
principal modal vector (O-PMV).

As can be seen from the above process, these two kinds of prin-
cipal modes, C-PMV and O-PMV, would coincide when B = CT,

Numerical Example

Consider the plane truss shown in Fig. 1. Its first six natural
frequencies (4.6042 red/s) are repeated with its multiplicity equal to
6. For this example two different placements of force actuators are
listed in Table 1, designated as cases 1 and 2, respectively. As can
be seen from Table 1, eight actuators are used for the two cases, but
the placements are different. The results of these two placements
are included in Table 2.

Table 1 Placement of actuators

Positions at which actuators act

1379

It can be seen from Table 2 that these six modes are all controllable
for case 1 with the measures of controllability equal to 0.129099 and
0.091287. This implies that these six modes can all be controlled in
case 1.

However, for case 2 only a subspace from these six modes
is controllable, with its complementary subspace uncontrollable,
since there are two zero singular values, o5 = o5 = 0. The
first C-PMV of this controllable subspace is shown in Fig. 1.
The C-PMV of the uncontrollable fifth mode is shown in Fig. 2.
Any mode from the subspace consisting of the two C-PMVs
associated with o5 and og cannot be controlled. Therefore in case
2 the controllable modes must belong to the subspace consisting
of the four controllable modes, and all the uncontrollable modes
must be from the subspace consisting of the two uncontrollable
modes.

e e
L. A A A

Fig. 1 First C-PMYV for case 2, o = 0.12909.

Number of
Case actuators In direction X In direction ¥
1 8 Atnodes 2, 4, 8,12 At nodes 4, 8, 12, 14 A 74&7
2 8 Atnodes 2, 4, 12, 14 Atnodes 2,4, 12, 14
oces foces Fig.2 Fifth C-PMV for case 2, o = 0.00000.
Table 2 Values of controllability measures for repeated modes

Case Dim? o1 o3 o3 o4 o5 0%

1 6 0.12909 0.12909 0.12909 0.12909 0.091287 0.091287

2 4 0.12909 0.12909 0.12909 0.12909 0 0

ADimension of subspace that can be controlled.
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Concluding Remarks

The vibration control of large flexible space structures with re-
peated or closely spaced frequencies is a challenging problem. Most
of the previous investigations have focused on the qualitative analy-
sis. Although some criteria for model reduction, such as frequency
criterion and controllability and observability criteria, have been
considered in the past, they cannot deal with vibration modes with
repeated frequency. The contribution of the present paper is the
use of the singular-value decomposition of the input matrix By in
defining controllability. This approach is also used to define the ob-
servability on the basis of duality. Using this method, the concepts
of controllable principal modes and observable principal modes are
introduced. These concepts describe the structures of controllabil-
ity and observability for the subspace of the repeated-frequency
modes in a more clear fashion. They are of practical importance
for model reduction, sensor/actuator placement, and placement of
exciters/sensors for modal parameter identification.
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1. Introduction

HE formation flight control problem is addressed in this Note.

The automatic control of a two-aircraft flight, such that the
formation’s initial geometry is preserved during heading change and
speed change maneuvers, is considered. A typical leader/wingman
“diamond” formation is considered (see Fig. 1).

From an operational point of view, and in line with the current
operational practice of manually flown formation flights, it is ad-
vantageous to stipulate a leader/follower concept for automatic for-
mation flight control. This envisages a follower, i.e., the wingman,
equipped with a “formation-hold” autopilot. Thus, the wingman
(W) is controlled by the formation-hold autopilot.
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The aircraft are modeled as first-order dynamic systems. It is as-
sumed that the position of the leader (L) relative to W is available to
W, and a W control system is developed for the automatic mainte-
nance of the formation. The above-mentioned automatic formation
flight control system (FFCS) is referred to as the formation-hold
autopilot. Thus, W is able to maintain his or her position relative
to L (station keeping), in the face of maneuvers by L. In addition,
L can “command” a change (Ax,, Ay,) in the formation’s param-
eters, i.e., a change in the L-W lateral and longitudinal separation
(x;, ¥,). This prompts the formation-hold autopilot to command W
to execute a maneuver in order to effect the commanded change.
Hence, L literally “leads,” or drives, the formation.

Concerning the measurements available for feedback, it is im-
perative that the perturbations in W’s position in the formation, x
and y, be available to the W collocated formation-hold autopilot.
The additional information of heading error and speed error, viz.,
the availability of the measurements of leader-wingman heading
and speed differentials, significantly improve the formation-hold
autopilot’s performance.

An early U.S. Army formation flight control system feasibility
study was conducted in 1965. It concluded that a FFCS would relieve
the pilot of the burdensome tasks required during formation flight
and would greatly enhance formation flying performance (Ref. 1,
p.- 148). Recently, a preliminary FFCS study was performed by
Rohs,? who considered diamond and trail formations of like and dis-
similar aircraft. The work presented herein is based on the thesis re-
search performed by Dargan® and Dargan et al.* In the present paper,
arotating frame of reference, affixed to W instantaneous position, is
employed. The formation control problem is then modeled by a non-
linear dynamic system, which is developed in Sec. II. In Sec. I1I, the
dynamic system is linearized about its initial steady-state condition.
A decomposition principle is at work in the FFCS, which greatly
facilitates the synthesis of the linear proportional-plus-integral (PI)
controller. The crucial decomposition of the FFCS is performed in
Sec. IV, followed by the analysis of the y and x channel control
systems in Sec. V. The decomposition-based control design concept
is very much in line with Porter and Bradshaw’s modal (decomposi-
tion) method.> Finally, the linear plant model is employed to design
a linear PI wing controller, which is the formation-hold autopilot.
The formation-hold control concept is illustrated in Fig. 2 in Sec. V.
The performance of the formation-hold autopilot is gauged by exer-
cising the simulation with maneuvers performed by L (e.g., changes
in L heading and speed). In addition, changes in the formation’s pa-
rameters and formation changes can be commanded. An example of
these simulation results is presented in Sec. VI. Concluding remarks
are contained in Sec. VII.

II. Formation Flight Control Modeling
A. Main Assumptions
In the formation flight control problem analysis, it is tacitly as-
sumed that standard autopilot loops have been closed around each
aircraft in the formation. Hence, the aircraft are “flown” by control-
ling their respective Mach-hold and course-hold autopilots’ refer-
ence signals.

B. Aircraft Dynamics

It is thus assumed that the following two decoupled autopilots
are in place: (1) heading-hold autopilot, which accepts a (small)
heading change command v, in the heading ¢ without affecting
the aircraft’s airspeed, and (2) Mach-hold autopilot, which accepts
a (small) speed change command AV, in speed V without affect-
ing the aircraft’s altitude. These decoupling assumptions implicitly
presuppose coordinated throttle, stick, aileron, and rudder control
in the first autopilot and coordinated stick and throttle control in the
second autopilot. Furthermore, the heading dynamics and the atten-
dant speed response of the autopilot controlled L and W aircraft are
first order, respectively. Finally, realism-enhancing rate saturation
nonlinearities are included in the above models.

The (linearized) dynamics are

. 1 1
Yw = ——Yw + —Vw, e))

Tyw Tyw



